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The behavior of a chromatographic column where a single solute is fed in the presence
of a suitable modifier is analyzed in the context of equilibrium theory. In particular, the
pulse propagation of the solute, whose retention depends on the modifier concentration,
has been analyzed as a full-fledged binary problem by the method of hodograph trans-
formation applied to the pair of quasilinear differential equations. It has been shown that
all possible operating conditions can be summarized with respect to the modifier con-
centration into three cases. These have been solved analytically by constructing the
solution first in the hodograph plane, and then mapping it onto the physical plane using
the method of characteristics. The peculiar properties of the derived hodograph plane
were explained, and their impact on the pulse propagation for the three different cases has
been elucidated. For the cases of intermediate adsorptivity of the modifier, the occurrence
of solute peaks with infinitely high concentrations; that is, solute impulse, has been proven
as well as the phenomena of double solute peaks. © 2005 American Institute of Chemical

Engineers AIChE J, 52: 565-573, 2006
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Introduction

In many chromatographic applications, a modifier is added
to the eluent since it allows the adjustment of the retention
properties of the solutes over a wide range by regulating its
concentration. In order to measure the retention as a function of
the modifier concentration, the solute being dissolved in the
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so-called sample-solvent is injected into the eluent stream with
varying modifier concentrations. If the modifier concentration
in the sample-solvent is different from the one in the back-
ground mobile phase, the injection leads to two peaks traveling
along the column: a solute peak and a positive or negative
modifier perturbation. Interferences between these two peaks
leads to peak deformation, double peaks, retention time distor-
tion and other phenomena that have been investigated experi-
mentally by several researchers.!-’

The objective of this work is to analyze in a general way the
pulse propagation of a solute, whose retention depends on the
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concentration of a modifier, in the cases where the concentra-
tion of the modifier in the injected pulse and in the background
mobile phase is different.

In a previous article,® a mathematical analysis of the solute
propagation was carried out by decoupling the modifier from
the solute propagation. However, this type of analysis is suf-
ficient only for simple situations, and does not allow for a
satisfactory treatment of all possible cases. In this work, the
problem of the pulse propagation is analyzed as a full-fledged
binary problem, thus, allowing for a comprehensive treatment
of all possible situations and highlighting a number of peculiar
characteristics of this system, which might have a more general
value and applicability.

Equilibrium model and method of characteristics

The equilibrium theory of chromatography is a powerful
tool, since it allows to obtain explicit solutions and useful
insights for a variety of chromatographic applications. It
assumes, besides the common modeling simplifications like
one-dimensional (1-D) flow, constant fluid velocity, and so
on, that the mass transfer resistance and the axial dispersion
in the column are negligible. More details about the mod-
eling of chromatography can be found elsewhere.®-!!

For the binary system treated in this work, where subscripts
1 and 2 denote the modifier and the solute, respectively, the
material balance equations can be written in the frame of
equilibrium theory as follows

L+ om | da_y 1
e T M
(")Cz 8n2 6C2

TR T Fa @

where & denotes the total column porosity, c¢; and n; the
liquid and solid phase concentrations, respectively, ™ =
ut/(Le) the dimensionless time, with u superficial velocity
and L column length, and x = z/L the dimensionless space
coordinate. This system of equations has to be completed
with the adsorption isotherms. A linear isotherm is assumed
for the modifier, that is

nl:chl (3)

The adsorption of the solute is also described by a linear
isotherm, but the Henry constant H, depends on the modifier
concentration according to

n, = Hy(c)c, “4)

The Henry coefficient of the solute is assumed to decrease
continuously with increasing modifier concentration,® that is

dH, 0 5
do. = Hile) < 5)
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Figure 1. Henry constant of the solute H, as a function
of the modifier concentration c, [g/l] (H, = A(c,
[9/1))® with A = 8.43 x 10", B = -12.52 and
H, = 3.18, data obtained from Melter et al. 12).

for every c¢,;. The derivatives n,; obtained by differentiating n;
with respect to c;, are given by

n,=H,
n,=0
np = H,
ny = Hjc, (6)

In the framework of equilibrium theory, Egs. 1 and 2 are solved
with the method of characteristics, and are conveniently dealt
with on the so-called hodograph plane, that is, the plane with
coordinates (c,, ¢;).>!© The characteristic directions in the
hodograph plane, {= dc,/dc,, can be calculated by solving the
quadratic equation.®'°

nyl® = (nyy — np){ —np =20 7
This leads besides {= 0 to the following solution

H,— H,

e ®

Let us define c¥ by letting H;, = H,(c?) (see Figure 1); it is then
clear that

i) H, < H, is equivalent to ¢; > c%
il) H, > H, is equivalent to ¢, < c%

Let us denote the two solutions with {, > {_; three cases can
be distinguished H, > H,, H;, < H, and H, = H,. Therefore

£ =0
6>t H, — H, ©)
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Figure 2. I',. characteristics in the hodograph plane (c,,
¢, [g/1], parameters as in Figure 1).

_HI_HZ
o<t %7 e, (10)
(=0
+=0
c1=c>r${§7:0 (11)

From the first of Eq. 9, and the second of Eq. 10, it follows that
the characteristics ', for ¢; > ¢F and I'_ for ¢; < c¥ are
horizontal lines, that is

c, = const (12)

The I', for ¢, < c¥and I"_for ¢; > c¥ can easily be determined
by integrating the second of Eq. 9 or the first of Eq. 10 from an
arbitrary point (c9, ¢9)

¢, H— HZ(C(I)
T T e (13)
¢y  H,— Hyc))

A typical plot of the I'_. characteristics in the hodograph plane
is shown in Figure 2.

It is noteworthy that the hodograph plane is naturally divided
into two distinct regions, that is, above and below the ¢; = ¢*
characteristic, and that the role of the I' , and I' _ characteristics
in the two regions is interchanged. This is a peculiar feature of
this system and no other example of this kind has been reported
in the literature.

It is worth mentioning that the part of the vertical axis above
¢, = c¥is a ', whereas its portion below ¢, = cFisa ', (cf.
Eq. 8). It is also clear from Eq. 13 that the I', and I _ in the
lower and upper region, respectively, asymptotically approach
the horizontal line ¢, = c¢¥ as ¢, — o and the y-axis as ¢, —
0. Where the two characteristics, ', and I', merge together
along the horizontal line ¢; = ¢¥ the system of partial differ-
ential equations becomes therefore parabolic. In the upper
region (c; > c¢%¥), the limiting I', that is, its vertical and
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horizontal asymptote, consists of the vertical axis above ¢, =
c¥ and the horizontal line c; = c¢%, whereas in the lower region
(c; < c%), the limiting ', consists of the vertical axis below c;
= ¢¥ and the horizontal line ¢, = c¥.

According to the simple wave theory,*'© if the solution to
equations 1 and 2 has its image on a I'"_or I', in the hodograph
plane, then the solution in the physical plane (x, 7) is consti-
tuted of a family of straight C, or C. characteristics, respec-
tively, whose slope is given by

dr

E: or =1+ v(ny — nyly) (14)
or

dr

E: o =1+v(n, —nyd) (15)

respectively, where v = (1 —g)/e is the phase ratio. From Eq. 6
and 9, therefore, we obtain for the case ¢; > ¢ (upper region)
the following equations

o, =1+ vH, (16)
o_ =1+ vH,(c)) 17

At this point it is important to note that ¢, remains constant
along a I', and thus according to Eq. 17 also o remains
constant. On the other hand o, is constant also along a I'..

Likewise, from Eqs 6 and 10, in the case ¢; < c¥ (lower
region) it follows that

o, =1+ vH,(c,) (18)
o_=1+ vH, (19)

A similar argument as in the previous case can be made.

Since we are concerned with the propagation of pulses of
solute and modifier, the initial and feed conditions can be
written as follows

At1=0, ¢, =c"andec, =c)
Atx=0, ¢;=clandc,=c}
co=candc, =

for0<t<m (20)
fort> 1,

where 7, denotes the duration of the pulse injection. This type
of problem is also called a chromatographic cycle.

Initial and feed state in the same region of the
hodograph plane

Here we shall consider the cases where the initial state 0
corresponding to (c9, ¢9), and the feed state F corresponding to
(c¥, cf) are located in the same region, that is, either in the
upper or in the lower region, of the hodograph plane. It will
always be assumed that ¢/’ < ¢9, since the opposite case can be
easily treated accordingly and its analysis does not bring ad-
ditional insights.® The two states 0 and F can, therefore, be
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Figure 3. Solution in the hodograph plane, case (a) and
case b.

assigned with respect to ¢, to one of the two cases (see Figure
3):

e Case (a): ¢7 > ¢ = ¢¥ hence, H,(c9) < Hy(c¥) < H,

e Case (b): ¢ > 9> cF; hence H,(c9) > Hy(c¥) > H,

Clearly, the injected pulse will always contain the solute,
hence, c‘; > (), whereas for both cases cg = (. The case with
non vanishing ¢ will be treated in the next section. Here, we
have piecewise constant initial and feed data containing two
discontinuities, one at the origin and the other at the point (0,
7p). This indicates that two separate Riemann problems asso-
ciated with a quasilinear system of first-order differential equa-
tions are to be solved. According to the equilibrium theory, the
solution of a Riemann problem has its image along I" charac-
teristics in the hodograph plane.® '° In general, it will consist of
two portions of characteristics, which are to be taken always in
the sequence I'_ - I', going from the state on the lefthand side
of the discontinuity to the state on the righthand side of it.% 1°
For the Riemann problem with a discontinuity at the origin, for
instance, starting from the feed state F, we must follow first the
I"_ passing through the point F and then switch to the I" . going
through the point 0.

Let us first consider case a) where the states 0 and F are in
the upper region in Figure 3. For the sake of simplicity, we
consider first the two Riemann problems independently and
then we combine the two solutions, thus, obtaining the solution
of the complete chromatographic cycle defined by equation 20.
The Riemann problem associated to the discontinuity in (0, 7p)
corresponds to moving from state 0 (on the lefthand side in the
physical plane) to state F (on the righthand side). The Riemann
problem associated to the discontinuity in the origin corre-
sponds to moving from F on the left to 0 on the right.

As shown in Figure 3, going from 0 to F viaal"_and a ",
characteristics leads to the intermediate state A (¢}, ¢, = 0)
which is obtained as the intersection of the I'_ characteristic
going through 0 (that is, the c¢;-axis) and the I', passing
through F.

The solution is constituted of three constant states, corre-
sponding to each of the three points, 0, A, and F, which are
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separated by simple waves, as shown in the left hand side of
Figure 4. In general, simple waves are constituted of all char-
acteristics associated to the composition states between the two
states on the two sides of the simple wave itself (states 0 and
A or states A and F in this case). Since in this case, as discussed
earlier with reference to Eqs. 16 and 17, all characteristics C .
and C_ have the same slope in the I'_ and I", simple waves,
respectively, the simple waves reduce to a straight line with
slope o, and o (see Figure 4). Therefore, there is a disconti-
nuity between 0 and A and between A and F. They are not self
sharpening shocks,* !0 but so-called contact discontinuities, and
are typical of systems characterized by linear adsorption iso-
therms.

The second discontinuity in the initial data associated to case
a) is from F to 0, and its propagation in the physical plane is
illustrated in the righthand side of Figure 4. With reference to
Figure 3, the new intermediate state B is defined, which is the
intersection of the I'_ passing through F, and the I' going
through 0. The solution in the physical plane can be con-
structed by following the same procedure as described for the
previous discontinuity. Also, in this case the new constant state
B is bounded by two contact discontinuities, and c¢5 is larger
than zero, but smaller than the solute concentration in the pulse,
5. Its value can be determined through equation 13 (note that
cf = ¢

SH - Hy(c})

: H, — Hz(C?) @D

E=c

Combining the results illustrated in the two parts of Figure 4
yields the complete solution of the chromatographic cycle
defined by Eq. 20, as shown in Figure 5. Here, the C, and C_
characteristics emanating from the origin and from the point (0,
Tp), respectively, intersect at a point « (provided that 7, < ¥(H,
— H,(c%))), from which a new Riemann problem with the states
A and B on the left- and righthand side, respectively, has to be
considered. With reference to Figure 3, states A and B are
connected by a I'- simple wave and then by a ', simple wave
separated by the initial state 0; both simple waves are contact
discontinuities. Beside the picture of the solution in the phys-
ical plane, Figure 5 shows also the corresponding concentration
profiles of solute (solid line) and modifier (dashed line) at the
column outlet.

The interaction between the two contact discontinuities al-
lows the solute peak to be separated from the modifier peak.

0 F ]
X

Figure 4. Solution in the physical plane, connecting
state 0 to F (on the lefthand side), and state F
to 0 (on the righthand side); case a.
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Figure 5. Complete solution in the physical plane and
chromatogram at the exit, case a.
Solid line: solute, dashed line: modifier.

Clearly, the solute peak of concentration c5 has a higher
propagation velocity than the modifier peak of concentration
¥, and it has even a higher velocity outside the modifier peak
c‘f . Therefore, the solute peak is eluted earlier than the modifier
peak and it is broadened due to the interference with the
modifier peak. The peak broadening leads obviously to a lower
solute concentration, cg, so as to satisfy the overall column
mass balance (cf. Strohlein et al.®).

Let us now consider case b), where all states are situated in
the lower region of the hodograph plane because ¢4, ¢ < c¥
(see Figure 3). As in case a), the state F is situated below and
to the right with respect to state 0, which is on the c;-axis.
Connecting state 0 to F via I" characteristics requires moving
first along the horizontal I'_ characteristic going through 0, and
then along the I', characteristic going through F. The inter-
section of these I'_ and I' characteristics is the intermediate
constant state A, where the solute concentration ¢4 is higher
than ¢4, according to Eq. 13. The connection back from A to
Fis obtained accordingly involving the new intermediate state
B on the ¢, axis. The complete picture in the hodograph plane
is shown in the lower part of Figure 3.

The lines separating the different constant states in the
physical plane when going from 0 to F are shown on the
lefthand side of Figure 6 and it is to be noted that the slopes of
o, and o of the C, and C. characteristics are this time given
by equations 18 and 19, respectively, since ¢}, ¢/ < c¥. Here
again, one may note that o, (or o) remains constant along 0
— A (or A — F) of the hodograph plane and the discontinuity
propagating along the C, (or C) characteristics is not a shock,
but a contact discontinuity.

Using the corresponding plot for the connection F to 0 via B
in the physical plane as shown on the righthand side of Figure
6, the complete picture of the chromatographic cycle in the
physical plane can be developed as depicted in Figure 7. It is
observed that the C, and C_ characteristics emanating from the
origin and from point (0, 7p), respectively, meet each other at
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o, =1+vH,(c,%)

o.=1+vH,

X o> X

Figure 6. Solution in the physical plane, connecting
state 0 to F (on the lefthand side), and state F
to O (on the righthand side); case b.

point « to generate a new Riemann problem and to develop a
new constant state 0. In this case the C, characteristics is
refracted with a lower slope after the interaction because the
slope o, after the interaction is smaller than before.

Through the interaction between the two contact disconti-
nuities, the solute and the modifier peaks separate and the
former elutes later. Furthermore, the solute peak becomes
narrower due to the interference with the modifier peak, hence
the solute concentration ¢5 becomes higher than c5, again in
accordance with the overall column mass balances.

Initial and feed state in different regions of the
hodograph plane

In this section we shall be concerned with the case where the
initial state 0 is located in the upper region and the feed state
F in the lower region, that is:

af x=1
TA A AT
| -
]
L,
1
I
1
——
1
1
1
a4
A 0 F
ct ¢ 2

X—>

Figure 7. Complete solution in the physical plane and
chromatogram at x = 1; case b.
Solid line: solute, dashed line: modifier.
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Figure 8. Solution in the hodograph plane; case c.

e Case (c): ¢/ > ¢ ¢! hence, Hy(c9) < H, < H,(c})

o Moreover, we will consider the same case with nonvan-
ishing ¢9; that is,

e Case (d): ¢ > c¥chy > 0.

In these cases, the situation gets more complicated since the
migration velocity of the modifier is intermediate between
those of the solute at ¢ and at ¢%. It was argued in the previous
work? that the solute is accumulated at the end of the modifier
peak. This peculiar behavior can be nicely elucidated by ap-
plying the hodograph plane analysis presented in this work.

Let us consider case (c), whose hodograph plane represen-
tation is shown in Figure 8, where the points 0 (C?, 0),Z (c% 0),
B (cf, 0) and F (c¥, ¢5) are highlighted. Going from F (on the
left) to 0 (on the right) required moving along the I'_ from F to
B first, and then moving from B to 0 (through Z) along the ¢,
axis. The latter is allowed since the slope of the characteristics
in the physical plane along the I', B — Z (Eq. 19), and along
the I' Z — 0 (Eq. 16) is the same, namely /+vH,. The
corresponding solution in the physical plane is illustrated in the
righthand side of Figure 9, and is essentially the same as that of
Figure 6 (righthand side). Going from O (on the left) to F (on

c,=c.=1+vH,

X—

the right), as in the case of the Riemann problem defined by
equation 20 in (0, 7p), is more challenging because the path 0
— Z — B — F is not allowed, since it would involve the
wrong sequence of a I', simple wave (Z — B) followed by a
I"_simple wave (B — F). The difficulty is solved by noting that
point Z can be connected to F first through the horizontal
characteristic ¢, = ¢ (whose corresponding characteristic in
the physical plane has slope /+vH,, as those belonging to the
simple wave connecting 0 to Z), and then through the T',
characteristic going through F (see Figure 8), along which
again the characteristics in the physical plane have slope
1+vH,, according to Eq.19. This rather special situation leads
to a solution in the physical plane (see lefthand side of Figure
9), where the states 0 and F are separated by a contact discon-
tinuity with slope /+vH,, which is the projection on the (x, T)
plane of the characteristics propagating all the competition
states belonging to the path 0 — Z — o — F. When the two
solutions shown in Figure 9 are brought together, thus, yielding
the solution of the complete chromatographic cycle of case c,
the final result illustrated in Figure 10 is obtained.

It is clear that the contact discontinuities between states 0
and F and between states I and B intersect at point c. On its
lefthand side, the solution has its image in the hodograph plane
along the path0 - Z — © — F — B — Z — (). Beyond point
a, the states 0 and B are to be connected through the path 0 —
Z — ©» — 7 — B, all corresponding characteristics in the
physical plane having slope /+wvH,. This indicates that the
injected pulse of the solute has been focused on the trailing
edge of the modifier pulse, and leaves the column as an infinite
impulse in the frame of the equilibrium theory approximation
(see the outlet composition profile in Figure 10). Such a pecu-
liar result has been observed experimentally, as well as through
simulations®, and it is explained here rigorously, for the first
time.

As a variation of case (c), let us consider case (d), where the
bed in its initial state, as well as the eluent contain an amount
of solute, so that point 0 is located as shown in Figure 11.

The transition between state 0 (on the left) and state F (on
the right) yields the same result as in the previous case c as
shown in Figure 12 (lefthand side). The transition from F (on
the left) to 0 (on the right) follows the hodograph plane path F
— B —Z — A — 0 and involves three contact discontinuities
as shown in the righthand side of Figure 12. The solution of the

o, =1+VH,(c,)

T
B c.=1+VH,
e
/
/
F| F e
//
//
/
///
J /
T /, 0
F //
0 0 1
X—-»

Figure 9. Solution in the physical plane, connecting state 0 to F (on the left-hand side), and state F to 0 (on the

righthand side); case c.
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Figure 10. Complete solution in the physical plane and
chromatogram at x = 1; case c.
Solid line: solute, dashed line: modifier

complete chromatographic cycle can be obtained accordingly
and it is shown in Figure 13.

From a chromatographic viewpoint, it is worth noting that
the solute is not present in the time interval when states A and
B are eluted, whereas it comes out as an infinite impulse at time
7¢. The consequences of this phenomenon for chromatographic
separations have been discussed earlier.?

Stepwise gradient chromatography

A final example highlights the effectiveness of the methods
developed earlier to understand the behavior of more complex
chromatographic cycles. With reference to Figure 14, let us
consider a column that is initially saturated with mobile phase
at a low modifier content ¢ (state 0). The solute is injected
between 0 and 7, at a concentration c5. The modifier concen-
tration (state F) in the injected pulse between 0 and 7,/2 is

i

Figure 11. Solution in the hodograph plane; case d.

AIChE Journal

T Y
0 c,=c.=T+vH,
0
o)
o.=1+vH,c,%)
Tpm F
F
0 F i
X »

Figure 12: Solution in the physical plane, connecting
state 0 to F (on the lefthand side), and state F
to O (on the righthand side); case d.

larger than the initial value (state 0), and it increases further
between 7,/2 and 7, (state F'). It is worth pointing out that F
and F’' are below and above the line ¢, = c¥, respectively.
Finally, the solute is eluted by feeding the solvent with mod-
ifier at the highest concentration (state 0").

This can be viewed as a stepwise implementation of gradient
chromatography. Based on the examples discussed earlier it is
rather clear that state 0’ can be connected to state 0 in the
hodograph plane through the sequence 0’ - A — F' — © —
F — B — 0, each state being separated from the next by a line
as illustrated in the hodograph plane and in the physical plane
in Figures 14 and 15, respectively. The contact discontinuities
between 0' and A, between F' and oo, between % and F, and
between B and 0, have slope [+ vH,. With respect to the other
two contact discontinuities, the one A — F' has slope
1-+vH,(c%"), which is smaller than /+vH,, and the other F —
B has slope 1+vH,(c), which is larger than 7+ vH, Tt is worth
noting that the contact discontinuities between F' and % and
between © and F are the images of all concentrations on the I".
and I', characteristics connecting states F' and % and states ©
and F, through the point (¢,’, «), in the hodograph plane.

at x=1

«— |

0 o
¢ G

Figure 13. Complete solution in the physical plane and
chromatogram, case d.
Solid line: solute, dashed line: modifier.
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As shown in Figure 15, the two contact discontinuities
between A and F' and between F and B mentioned previously
intersect the one between F' and F, that is, the one emanating
from point (0, 7,/2) with slope /+vH,, at point @ and 3. On the
righthand side of the second intersection, states 0’ and 0 are
connected through the path 0" A —-Z —x —>Z — B — 0,
and the three remaining contact discontinuities have the same
slope as 1+wvH,. It is then apparent that the solute fed during
the finite time period O to 7, has been focused to give rise to a
solute impulse and leaves the column as an impulse at the time
7/2+1+vH,, as shown in the righthand side diagram of Figure
15.

Such a phenomenon has been observed with pH gradient in
high-performance cation-exchange column, where it has been
called “chromatofocusing” '3-'5 and also with temperature gra-
dients.'®

Discussion and Conclusions

Although the chosen isotherm models are very simple, the
characteristics in the hodograph plane, that is, the plane of the
solute and the modifier concentrations, show very peculiar
properties, particularly the division of the hodograph plane in
two distinct regions and the inversion of the I', and I'. char-
acteristics between these two regions. The hodograph plane is
divided by a horizontal line, which is located at the modifier
concentration, for which the Henry constant of the solute is
equal to the Henry constant of the modifier.

If the states 0 and F corresponding to the fresh bed or pure
solvent and the feed, respectively, are located in the same
region in the hodograph plane, peak deformation, that is, peak
broadening or sharpening, occurs due to the interaction be-
tween the modifier and the solute pulses. The change in the
solute concentration of the deformed peaks can be explained
and calculated by tracing the I" characteristics in the hodograph
plane.

If the two states 0 and F are located in different regions of
the hodograph plane, the appropriate connection via the I’
characteristics passes a state with infinite solute concentration,
which is situated on the horizontal line dividing the two regions
in the hodograph plane. Along this line the Henry constants of

0
L\ Z
A i
r+
N
C1=C1
CT
F+

gl L F

Vi,

O

%

Figure 14. Solution in the hodograph plane, case e.
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o, =1+VvH,(c )

at x=1
. |
c,=1+vH, L_i
i
i
= _l_l—
.=c=1+vH, !
i
i
c=T+vH, L"i
i
I
1
I
I
I
I
1
1

, Lo
X ¢’ cf

0

Figure 15. Complete solution in the physical plane and
chromatogram, case e.
Solid line: solute, dashed line: modifier

modifier and solute are the same. Therefore, the solute pulse
appears as an impulse at the end of the modifier pulse.

When a solute pulse is injected along with stepwise increas-
ing modifier concentrations, where the lower and the higher
modifier concentrations are situated in the lower and upper
region of the hodograph plane, it is elucidated that the inter-
action between the solute pulse and the modifier pulse gives
rise to the focusing of solute to an impulse, which is equivalent
to the chromatofocusing with pH gradient.

Notation

¢; = liquid phase concentration of component i
= Henry constant of component i
L = column length
n; = solid phase concentration of component i
n; = derivative of n; with respect to ¢;

u = superficial velocity in column

t = time
x = z/L = dimensionless space coordinate

z = space coordinate

Greek symbols

& = total column porosity

I = characteristic line in the hodograph plane

{ = dc/dc, = characteristic direction in the hodograph plane
7 = ut/(Le) = dimensionless time

Subscripts
1 = modifier
2 = solute
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